We study constraints coming from the modular invariance of the partition function of two-dimensional conformal field theories. We constrain the spectrum of CFTs in the presence of holomorphic and anti-holomorphic currents using the semi-definite programming. In particular, we find the bounds on the twist gap for the non-current primaries depend dramatically on the presence of holomorphic currents, showing numerous kinks and peaks. Various rational CFTs are realized at the numerical boundary of the twist gap, saturating the upper limits on the degeneracies. Such theories include Wess-Zumino-Witten models for the Deligne's exceptional series, the Monster CFT and the Baby Monster CFT. We also study modular constraints imposed by W-algebras of various type and observe that the bounds on the gap depend on the choice of W-algebra in the small central charge region.
Introduction
Conformal field theories (CFT) are highly constrained by underlying symmetry. For the case of two-dimensional CFTs, the modular invariance and crossing symmetry put strong constraints on the spectrum and operator product expansion (OPE) coefficients. Especially, the infinite dimensional Virasoro symmetry makes it possible to have CFTs with a finite number of primary operators. Those CFTs are called as rational CFTs [1, 2] and it has been known that they can be completely solved using the crossing symmetry constraints when c < 1.
The full classification of the unitary two-dimensional CFTs is however still out of reach. For the CFTs with c > 1 (without any extended chiral algebra) there is an infinite number of primary operators. For such theories, modular invariance and crossing symmetry were not enough to completely solve the theory. Nevertheless, in recent years, applying the universal constraints originated from the conformal symmetry and unitarity, a.k.a conformal bootstrap has produced many fruitful results for the higher-dimensional CFTs [3, 4] and two-dimensional CFTs with c > 1 [5] [6] [7] [8] [9] [10] .
In the current paper, we further study the consequences of modular invariance for the two-dimensional CFTs with c > 1, along the line of [11] [12] [13] [14] . See also [15] [16] [17] [18] [19] .
#1
The previous works mostly focused on the case without extended chiral algebra. Instead, we concentrate on the case of CFTs with holomorphic/anti-holomorphic (higher-spin) currents and also with W-algebra symmetry. We first assume that there are conserved currents of conformal weights (h,h) = (j, 0) and (h,h) = (0, j). Under this assumption, we investigate the gap in the twist ∆ t ≡ ∆ − |j| = 2min(h,h) for the non-current operators. We observe rather dramatic consequences for the upper bounds on the twist gap for the non-current operators. Also, we explore modular constraints for the CFTs with W-algebra symmetry. We focus on the W-algebra associated with a simple Lie algebra g, which we denote as W(g). We find that the numerical upper bounds depend on the choice of W(g)-algebra when the central charge is small, namely c rank(g). For the case of W(A 2 )-algebra, this problem has been recently discussed in [23, 24] .
One of the benefits of the bootstrap approach is that it can lead to a universal constraint that applies to any two-dimensional CFT and to any quantum gravity in AdS 3 via the holographic principle. From the asymptotic Virasoro symmetry in AdS 3 [25] , one can identify the states with large h andh = 0 (or h = 0,h large) in the CFT as the microstates of the extremal spinning black hole in AdS 3 . The black hole states should be heavy (h c/24) so that they correspond to higher spin holomorphic currents. We then look for a constraint on the states that are not holomorphic currents, namely the ones that are not in correspondence with the extremal spinning black holes.
The torus partition function of an arbitrary c > 1 CFT admits a character decomposition of the form
where χ h (τ ) denotes the Virasoro character for the primary operator of weight h. Here the degeneracies d j ,d j , d h,h have to be non-negative integers. The invariance of (1.1) under T -transformation forces the given CFT to have states of integer spin #1 Very recently, constraints on 2d CFT from the genus two partition function have been studied [20] [21] [22] . ). We call (1.3) as the modular bootstrap equation.
We utilize the semi-definite programming with the help of powerful numerical package SDPB [26] to examine the modular bootstrap equation (1.3). The semi-definite programming method has been first employed in [12] and then further refined in [14] , leading to universal constraints on the CFT spectrum. For example, the upper bound on the spin-independent gap ∆ gap in the operator dimension is given as A similar bound in the presence of a U (1) global symmetry has been found in [27] .
In [14] , it was also observed that the level-one g = A 1 , A 2 , G 2 , D 4 , E 8 Wess-ZuminoWitten (WZW) models can be realized on the upper limit of the dimension gap of scalar primaries at the corresponding values of central charge. We further refine this analysis by either relaxing or imposing extra constraints on the spectrum. Let us highlight some of our results. We first assume the existence of the holomorphic currents, and investigate the bounds on the twist gap (∆ ≥ ∆ t + |j|) for the noncurrent primaries as a function of central charge c. The resulting numerical upper bound exhibits rather distinctive behavior compared to that of the upper bounds studied in [14] . It is natural to ask if any known theories are realized on the numerical boundary of the twist gap.
We find that the numerical boundary realizes the level-one WZW models with g = A 1 , A 2 , G 2 , D 4 , F 4 , E 6 , E 7 , E 8 . This set of g agrees with the so-called Deligne's exceptional series. They are the simplest examples of rational conformal field theories (RCFT) with extended chiral algebras whose characters are given by the solutions of degree-two modular differential equation [28, 29] Moreover, we also find the modular invariant partition function for the c = two-channel RCFT with extended chiral algebra g k=1 = ( E 7 1 2 ) k=1 , if such theory exists. Figure 2 shows the upper bound on the twist gap in the large central charge region. We find numerous kinks and peaks on the numerical boundary. Among them, the three points at c = 8, c = 24 and c = 48 can be identified with the ( E 8 ) 1 WZW, Monster CFT [30] and c = 48 extremal CFT, respectively. We also find that the ( E 8 ) 1 × ( E 8 ) 1 WZW model can be placed at the boundary point at c = 16. On the other hand, we obtain different numerical bounds on the twist gap depicted in Figure  6 when the currents are restricted to have spins of j ≥ 2. Interestingly, we are able to show that some RCFTs with finite group symmetry of large degree can sit on the numerical upper bound. For instance, the baby Monster CFT [31] is realized at the boundary point of c = 47 2 . Finally, we impose the W-algebra symmetry to our analysis, which can be applied to constraining higher-spin gravity in AdS 3 [32] . This can be done by using the character for the W-algebra instead of the Virasoro character in the equation (1.1). We assume that there is no degenerate state besides the vacuum. When the central charge is larger than the rank r = rank(g), the numerics do not show a significant difference with the Virasoro case. This might be due to the fact that we are not using the full character of the W-algebra, but rather an 'unrefined' one for simplicity. #2 The Lie algebra E 7 1 2 is a non-simple subalgebra of E 8 , which shares common features like the ones in the Deligne exceptional series [47] .
#2
Baby Monster
Monster CFT c=48 ECFT However, we find that the numerical bound shows a sharp cliff at c ∼ r, as presented in Figure 3 . It means there is no modular invariant partition function for c < r, which can be considered as a unitary bound of W k algebra. Additionally, we find that the rank-three W(A 3 ) character realize the level-one A 3 WZW model at the numerical boundary, but not for the other choice of W(g). This paper is organized as follows. In section 2, we review the solutions to the degree-two and degree-three modular differential equation (MDE). It is known that the solutions to the MDE can be identified with the vacuum and primary characters of a two-character or three-character RCFT. We also summarize the basic aspect of the 'unrefined' character of W-algebra. In section 3, we present numerical upper bounds on the scalar gap, overall gap and twist gap for the parity preserving CFTs with or without conserved currents. We identify 16 RCFTs that are located on the numerical boundary. In section 4, we provide the evidences for the identification of the 16 special points on the numerical boundary with the known and conjectured RCFTs. We find the modular invariant partition function of various RCFTs by assuming every extremal spectrum saturate the bounds on the maximal degeneracies. In section 5, we repeat the numerical analysis with the character for the W-algebra. We also assume the presence of the conserved currents of j ≥ 1 in the spectrum.
Preliminaries

Modular Differential Equation
A conformal field theory with a finite number of primary operators (maybe under an extended chiral algebra) is called a rational conformal field theory (RCFT). From this definition, the partition function of a RCFT can be expressed as
where f i (τ ) denote the characters of the (extended) chiral algebra including the Virasoro algebra.
There has been an attempt to classify RCFTs using the modular differential equation [28] . The main idea is to regard n characters f i (τ ) of a given RCFT as independent solutions to a modular-invariant differential equation. One can use the covariant derivative on a modular form of weight r,
with the second Eisenstein series E 2 (τ ), to express the most general n-th order holomorphic differential equation as
Here φ 2k (τ ) denotes a modular form of weight 2k that becomes singular at the zeros of the Wrönskian
It is shown in [28] that the total number of zeroes of the Wrönskian W is given by 4) where h i denote the conformal weights of non-vacuum primary operators in a given RCFT and is either 0 or an integer greater than or equal to two.
In the present work, we are mostly interested in the modular differential equation with = 0 where φ 2k (τ ) of (2.3) can be expressed as a sum of monomials of E 4 (τ ) a E 6 (τ ) b with 4a + 6b = 2k. The Eisenstein series are normalized such that they can be expanded as 5) in the limit q = e 2πiτ → 0. We further demand the modular differential equation to have a solution of the form 6) which will be identified as the vacuum character of a corresponding RCFT with the central charge c. We can then determine the modular differential equations unambiguously up to fifth order. For instance, the modular differential equation of order two is given by
And the modular differential equation of order three is given by 
Deligne's Exceptional Series and Monsters
Deligne's exceptional groups and WZW models The "vacuum" character of (2.7) takes the following form 10) which implies that the corresponding RCFT with central charge c should contain
spin-one conserved currents. In other words, the chiral algebra of the RCFT we are looking for could be generated by Virasoro and also Kac-Moody algebras as long as One can show that the Wess-Zumino-Witten (WZW) models for A 1 , A 2 , G 2 , D 4 , F 4 , E 6 , E 7 and E 8 with level one satisfy the above conditions. In general, the central charge of the g k WZW model with level k is given by
where h ∨ denotes the dual Coxeter number of g. It is straightforward to show that
12)
, E 7 and E 8 . These groups are often referred as the Deligne's exceptional series.
Indeed, f vac (τ ) of (2.10) at c = c( g 1 ) is the vacuum character of the WZW model for Deligne's exceptional groups with level one. Moreover, one can identify the other solution to (2.7) with c = c( 13) as the characters associated with the primary operators of the corresponding theory; Here a 0 is a constant which is not determined by the modular differential equation.
The g 1 WZW model with level one has primary operators in the dominant highestweight representations of the affine algebra g, i.e.,
14) #3 The exact solutions f vac (τ ), f h (τ ) of the second order MDE are given in [33] in terms of hypergeometric series. where θ is the highest root of the Lie algebra g (See Table 1 ). Their conformal weights are 15) where ρ denote the Weyl vector. The conformal weight h λ coincides with 1 12 2+c( g 1 ) for the g 1 in the Deligne's exceptional series except for E 8 . One can also show that, when a 0 = dim λ, all the coefficients of the q-expansion of f h (τ ) (2.13) with c = c( g 1 ) become positive integers that agree with those of the characters associated with the primary operators of weight h = h λ ( g 1 ). For example, for c = 4 (when we turn off the chemical potentials for the flavor charges),
where χ [0;λ] are the characters associated with the primary operators with the highestweights λ that are present in the so(8) 1 WZW model. The three representations are mapped to each other via triality of so (8) .
For later convenience, let us also discuss the modular-invariant partition function of the WZW models with level one. For the Deligne exceptional groups, it is shown in [34] that the torus partition functions (in the limit of zero chemical potential for the global currents) are 17) where N ( g 1 ) denotes the number of dominant highest-weight representations of g 1 other than the basic representation. For instance, the partition function of so (8) 1 WZW model can be expressed as
with c = 4.
Monster and its cousins The modular differential equation of order three (2.8) with the ansatz (2.6) has been studied relatively recently in order to explore unitary RCFTs that has no Kac-Moody symmetry (but may have some extended chiral algebras) [35, 36] . Let us first discuss the possible values of the central charge for which RCFTs without the Kac-Moody symmetry may exist. The "vacuum character" of (2.8) is given by
It is not difficult to show that the requirement to have positive integer coefficients of the q-expansion of f vac (τ ) (up to the O(q 400 )) restrict the central charge c to nine possible values [35, 36] One can also identify the other two solutions to (2.8) with two different characters associated with the primary operators of conformal weights h = h ± (c), 22) in the corresponding would-be RCFT with central charge c. It is clear from (2.22) that the above two "primary operators" of weights h ± (c) would not exist for c ≥ 12+16 √ 2. This suggests that the RCFT of our interest with c = 40 may correspond to a singlecharacter RCFT, having the vacuum as the only primary.
The vacuum character of a single-character theory has to be of the form [28] 
where α = 0, 1/3, 2/3 and β = 0, 1/2 while P k (j(τ )) denotes a polynomial of order k in the j-function with integer coefficients #4 . One can indeed show that f vac (τ ) (2.19) for c = 40 can be expressed in terms of the j-function, , 40 are however not much known and need further investigation. Moreover, beyond the Monster CFT, some of their modularinvariant partition functions have been poorly understood.
We discuss in the next section that the above RCFTs, both of the WZW models with level one for the Deligne's exceptional series and the Monster CFT and its cousins, are realized at the numerical bounds of the twist gap.
Character of W-algebra
W-algebra is an extension of the Virasoro algebra, augmented with generators with higher spins s ≥ 2. In section 5, we will investigate consequences of the W-algebra symmetry in the modular invariant partition function. We label the W-algebras by the spins (or dimensions) of the generators as
, where we call r as the rank of the algebra. For the W(g)-algebra associated to a Lie algebra g, the spins of the generators agree with the degrees of the Casmirs of g. In this section, we briefly review necessary aspects of the W-algebra for our numerical bootstrap program. See [38] for more details.
W(2, 3)-algebra The first example of W algebra is the W(A 2 ) = W(2, 3) [39] . It has two generators, one comes from the stress tensor T (z), and the spin-3 generator #4 Here the j-function is normalized as follows: Table 2 : Central charge, characters with unfixed integers a 0 and b 0 , and automorphism group of eight possible rational conformal field theories.
W (z), which upon mode expansion
The commutation relations between generators are given by
where the operator Λ n is
The highest weight states |h, w; c are labeled by L 0 eigenvalue h and W 0 eigenvalue w and also by the central charge c. The Verma module is generated by acting negative modes L −m and W −m to the highest weight state. When the central charge c and the highest weights (h, w) satisfy some relation, the Verma module might carry null states that we need to mod out to form a faithful representation. For a generic value of c, h, w, the Verma module does not have a null state, which is the scenario we are mostly interested in.
One can define the character for a given representation V c h,w as
This quantity turns out to be rather challenging to compute, even for the case of the Verma module. This has to do with the fact that one needs to simultaneously diagonalize vectors in V h,w with respect to L 0 and W 0 . See [40, 41] for a recent development on this issue. Due to its computational difficulty, we will focus on the 'unrefined' character, which sets p = 1. The unrefined character turns out to be very simple, just given by
for a generic representation. For the vacuum module, we simply get
from the following null states:
W-algebra associated to a Lie algebra The most straightforward way of constructing a W-algebra is to start with generators of dimensions d 1 , . . . d r and then try to fix various structure constants by imposing Jacobi identity. This way is notoriously difficult to perform in practice, which has been done only up to 3 generators [42] . Instead, a more systematic approach is available.
Start with an affine Kac-Moody algebra g k . From here, one can obtain an associated W-algebra via quantum Drinfeld-Sokolov reduction [43] [44] [45] . This W-algebra W( g k , Λ) is labeled by choice of a su(2) embedding Λ : su(2) → g, where g is the finite part of the affine Kac-Moody algebra. When g = su(N ), the su(2) embedding is classified in terms of partitions of N or Young tableaux of N boxes. This choice determines how the Virasoro algebra is realized in affine Kac-Moody algebra.
The choice of Λ determines the degrees of the W-algebra generators. It goes as follows. One can decompose the adjoint representation of g into the su(2) representations as
where V j denotes 2j + 1 dimensional spin-j representation under su(2). Once we have the decomposition as above, the W(g, Λ)-algebra associated to the affine Lie algebra g and the su(2) embedding Λ will have the generators of spins (dimensions) given by j + 1. For example, let us choose Λ to be given by the principal embedding Λ pr . Then the adjoint representation decomposes into
where r is the rank of g and d i are given by the degrees of the Casimir operators. Sometimes we denote the W-algebra given by the principal embedding as W(g) ≡ W(g, Λ pr ). Our main focus in section 5 will be the modular constraint coming from W(g)-algebra.
For the W(d 1 , . . . , d r )-algebra, we have generators with the mode expansions given as
Verma module is simply generated by acting negative modes of the generators W
on the highest-weight state. Therefore, the reduced character for a generic module (that does not have any null state) is simply given as
where we omitted the dependence on the weights for the generators except for the stress-energy tensor. The vacuum states are defined to be annihilated by all the generators of mode number greater than equal to zero. In addition, there are null states at level 1, 2, . .
Now, the partition function of a CFT with W(d 1 , . . . , d r )-algebra symmetry should be written in terms of W-algebra characters, instead of Virasoro characters. For the computational convenience, we mainly focus on the reduced partition function given as The torus partition function of a two-dimensional compact (bosonic) CFT can be defined as
where τ parametrizes the complex structure of the torus, and trace is taken over the states of a given CFT on a unit circle. We focus on CFTs having parity-invariant spectrum and thus free from the gravitational anomaly, i.e., c L = c R in what follows.
One can decompose the partition function Z(τ,τ ) of a given parity-preserving CFT in terms of the Virasoro characters as
where χ h (τ ) denotes the Virasoro character for the highest-weight representation with weight h. The vacuum and non-vacuum characters take the forms
Unless a given CFT suffers from the large diffeomorphism anomaly, the torus partition function (3.1) has to be invariant under the modular transformation SL(2, Z) generated by T and S,
Invariance of the partition function under the T -transformation requires that all states carry integer spins, i.e., j = |h−h| ∈ Z ≥0 . The invariance under the S-transformation implies that the spectrum d h,h and d j are further constrained to satisfy
where
Our goal in this paper is to study the consequences of the equation (3.5) on the spectrum of operators. It is in general challenging to solve the constraint equation (3.5) analytically. However, the numerical method of semi-definite programming (SDP) makes it feasible to study the constraint imposed by (3.5). The procedure goes as follows: First, make a hypothesis on the CFT spectrum. Second, search for a linear functional α satisfying the conditions below
for (h,h) subject to the hypothesis. If such an α exists, the non-negativity of d h,h and d j implies that
We thus find a contradiction that (3.5) cannot be satisfied, and the hypothetical CFT spectrum is ruled out.
In this section, we investigate the numerical upper bounds on the so-called scalar gap, overall gap and twist gap defined below for parity-preserving CFTs with and without conserved currents:
1. scalar gap problem: We impose a gap ∆ s in the spectrum of scalar primaries.
In other words, the spectrum of a hypothetical CFT is constrained to have scalar primaries with conformal dimensions ∆ ≥ ∆ s while the unitary bound ∆ ≥ j is satisfied for other primaries with spin j.
overall gap problem:
There is a gap max(∆ o , j) in the conformal dimensions of all non-degenerate primaries. The conformal dimension ∆ of non-degenerate primaries of spin j are required to satisfy ∆ ≥ max(∆ o , j). However, we do not impose the above gap on the conserved currents. If ∆ o ≤ 1, this condition is identical to the scalar gap problem. As the maximal gap ∆ o grows, one can expect to have upper bounds on ∆ o different to those of the scalar gap problem.
3. twist gap problem: We also study the universal gap ∆ t on the twist t defined by t = ∆ − j = 2 min(h,h). The gap is again relaxed for the conserved currents. A putative CFT is thus constrained to have non-degenerate primaries with conformal dimensions ∆ ≥ j + ∆ t only. Among the three problems, the twist gap problem is expected to show the most stringent upper bound.
It is convenient to use a linear functional α of the form
to implement the semi-definite programming problem (3.7). The spins of primaries are in practice truncated up to j ≤ j max where j max is carefully chosen such that the numerical bounds for ∆ s , ∆ o and ∆ t are well-stabilized for a given derivative order N max = 2N + 1. In the present work, the default value for the derivative order is 41, but can occasionally be enhanced up to 81 if necessary. In order to make the numerical analysis simple, we solve a different but equivalent SDP problem (3.7) with the partition function and characters multiplied by certain modular-invariant factors to get
Here Z(τ,τ ) and χ(τ ) are often referred to as the reduced partition function and reduced characters respectively [12, 14] .
Numerical Bounds on Spectrum Gap
We solve the SDP problems (3.7) with the scalar, overall and twist gaps using the SDPB package [26] . Figure 4 shows the numerical upper bounds on ∆ s , ∆ o and ∆ t for parity-preserving CFTs with and without conserved currents.
As studied in [14] , there is no essential difference between the CFTs with and without conserved currents for the numerical bounds on the scalar gap ∆ s , especially when c ≤ 8. The authors of [14] found that (
WZW models are realized on the numerical bounds at c = 1, 2, 14 5 , 4, 8. It is rather tempting
▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ •
◆◆◆◆◆ ◆ ◆ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ to test the possibility of achieving all the WZW models with Deligne's exceptional series
at the numerical boundary. Figure  5 , however, shows that other level one WZW models for the Deligne's exceptional series would not be realized on the boundary even for the sufficiently large order of derivatives. It was also reported in [14] that there is no upper bound on the scalar gap ∆ s beyond c ≥ 25 where one can easily construct a modular invariant "partition function" of a noncompact CFT having no scalar primaries.
Unlike the scalar gap ∆ s , we find that the numerical bounds of the overall gap ∆ o are sensitive to the existence of conserved currents. Note that we do not impose the gap condition on the conserved currents. It turns out that the numerical bound on ∆ o for the CFT with conserved currents start to deviate from that of the CFT without conserved currents at c = 4. We find a sharp peak at c = 8 when the conserved currents are included, which can be identified again with the ( E 8 ) 1 WZW model.
We observe that the curve for the numerical bounds on the twist gap ∆ t with the conserved currents shows the most dramatic pattern. We find that all the level one WZW models for the Deligne's exceptional series including ( F 4 ) 1 , ( E 6 ) 1 and ( E 7 ) 1 now sit on the numerical bounds. We also observe that a modular invariant partition function with integer degeneracies is realized at the bound for c = 38 5 . Interestingly, this value of central charge is identical to the Sugawara central charge for E 7 1 2 with level 1. We discuss this point in more detail in section 4.2.
The twist gap problem without the conserved currents also shows a different numerical upper bound. The asymptotic slope of this bound is compatible with c−1 12 [13] .
In Figure 6 , we further explore the numerical upper bounds on the twist gap ∆ t for CFTs with conserved currents, by restricting the spins of the conserved currents. We consider the case without the spin-1 current (only the spins j ≥ 2 included), and also the case without j = 1, 2 current (only the spins j ≥ 3 included). This provides a universal constraint on the low-lying spectrum of quantum gravity in AdS 3 . This is because, as explained in the introduction, the extremal spinning black holes correspond to holomorphic/anti-holomorphic currents of spin j c/24.
We find 13 special points on the numerical upper bounds of ∆ t that may correspond to RCFTs, some of which are known and the others are conjectured, when j ≥ 1 conserved currents are included. Those RCFTs are summarized in Table 3 . We can further show that only these 13 RCFTs saturate the integer bounds on the degeneracies of the scalar primaries with dimension ∆ = ∆ t . We will discuss this point in section 4. If we exclude j = 1 conserved current in the spectrum, the three additional RCFTs conjectured in [36] , including the Baby Monster CFT, are realized at the numerical bounds. They are summarized in Table 4 .
Spectroscopy
Spectrum analysis in modular bootstrap
We discuss in this section how to constrain the degeneracy of primary operators above the vacuum in a hypothetical CFT when the numerical bound on the twist gap ∆ t is saturated [14] . Let us first start with upper bound on the degeneracy of the lowest scalar primaries of conformal dimension ∆ = ∆ t . As long as ∆ t is below the numerical bound, there can exist certain linear functional β such that
and Table 3 : List of theories on the numerical boundary of ∆ t . We include the conserved currents of j ≥ 1 in spectrum.
but acts negatively on Z vac (τ,τ ) to satisfy the modular constraint (3.5). Then, (4.1) and (4.2) imply
To obtain the upper bound on d∆ t
, one thus need to solve an optimization problem of searching a linear functional β that maximize
Let us denote such a linear functional by β * . Then this leads to Table 4 : List of theories on the numerical boundary of ∆ t . We include the conserved currents of j ≥ 2 in spectrum.
It will be shown later that the 16 RCFTs that lie on the numerical bounds on ∆ t saturate the degeneracy bound (4.5).
We can further determine the entire spectrum of a putative CFT, referred to as the extremal spectrum, when the degeneracy of the lowest primary scalar saturates the bound (4.5). This is because, when d∆ t
, the first line of (4.3) becomes
and thus
for each primary in the extremal spectrum, i.e., d h,h = 0 (d j = 0). Therefore, by examining the functional β * evaluated at the Virasoro weights (h,h), one can determine which value of the weights are allowed. This analysis is initiated in [46] , often called as the extremal functional method.
One can also find the upper bounds on the degeneracies d h ,h of the primaries in the extremal spectrum. This can be done by solving another optimization problem, that is to search for a linear functional β
and
Although it is not guaranteed that a CFT having the extremal spectrum always maximizes the degeneracies at all weights, it is still interesting to ask if there exist such CFTs. We will see soon in the next subsection that 16 RCFTs that are realized on the numerical bounds of ∆ t indeed saturate the upper bounds on the degeneracies of all the primaries in the extremal spectrum.
WZW models with Deligne's exceptional series
In this subsection, we utilize the extremal functional method (EFM) to investigate hypothetical CFTs on ∆ t = ∆ * t having the maximal degeneracies at all weights in the extremal spectrum. It turns out that the WZW models with level one for Deligne's exceptional series are the CFTs of such type. Among them, the spectrum of WZW models for g = A 1 , A 2 , G 2 , D 4 and E 8 are also shown to agree with the extremal spectrum of CFTs on ∆ s = ∆ * s at c = 1, 2, 14 5 , 4 and 8 [14] . We present below our numerical spectral data at c = 26 5 , 6, 7, 38 5 from which we identify the CFTs of our interest with the WZW models for g = F 4 , E 6 , E 7 and also with the mysterious E 7 1 2 .
• Spectrum Analysis for the ( F 4 ) 1 WZW model We apply the EFM to a hypothetical CFT with c = . The results illustrated in Figure 7 suggest that the extremal spectrum of spin-0 and spin-1 have the conformal dimensions ∆ j=0 = { We utilize the linear functionals β * h,h in (4.8)-(4.10) to obtain the maximal degeneracies of low-lying primaries in the extremal spectrum, listed in Table 5 of our interest can be decomposed into the following form.
The affine character of ( F 4 ) 1 is known to agree with the solution (2.13) to the second order modular differential equation (2.7) with c = where the overall constant a 0 of (2.13) is now fixed by the dimension of fundamental representation of F 4 .
Using this affine character, one can simplify the modular invariant partition function (4.11) as Z c= 26 5 (τ,τ ) = |f 13) which perfectly agree with the modular invariant partition function of ( F 4 ) 1 WZW model [34] . Therefore, we identify the putative CFT at c = 26 5 with the ( F 4 ) 1 WZW model.
• Spectrum Analysis for the ( E 6 ) 1 WZW model Using the linear functional (4.7), we can learn that the extremal spectrum with c = 6 and ∆ t = + 2n, 3 + 2n}(n ≥ 0), as depicted in Figure 8 . We also summarize the maximal degeneracies of various primaries in the extremal spectrum in Table 6 . (h,h) Max. We can express the partition function of a CFT that contains primaries in Table 6 in terms of two solutions to (2.7) with c = 6 as follows,
(τ ), (4.14) where The partition function (4.14) then becomes the partition function of ( E 6 ) 1 WZW model (2.17).
• Spectrum Analysis for the ( E 7 ) 1 WZW model (h,h) Max. Deg (h,h) Max. Deg (h,h) Max. Deg ) 831744.01 (2, 2) 2368521.01 (4, 0) 49665.351 Table 7 : The maximum value of degeneracies for low-lying states in a putative CFT with c = 7 .
As depicted in Figure 9 , the extremal spectrum with c = 7 and ∆ t = +2n, 3+2n} (n ∈ Z ≥0 ). The maximal degeneracies at various weights in the extremal spectrum are listed in Table 7 .
The solutions to (2.7) with c = 7 are known to agree with the E 7 affine character with a 0 = 56 It is straightforward to see that the partition function of ( E 7 ) 1 WZW model (2.17), 18) is consistent to the maximal degeneracies in Table 7 .
• Spectrum Analysis for the ( E 7 (h,h) Max. Deg (h,h) Max. Deg (h,h) Max. Deg . For these results, the maximum number of derivative is set to N max = 55, while spin is truncated at j max = 40.
It is shown in [28] that there is one more value of central charge c = 38 5 where the all the coefficients of the two solutions to (2.7) become positive integers, f c= 38 5 vac (τ ) = q 
+ 1102q + 9367q
2 + 57362q
The non-vacuum character f c= 38 5 vac (τ ) in (4.19) can arise from an affine Lie algebra if there is one with dimension 190. Interestingly, mathematicians have discovered that there is indeed such a Lie algebra called E 7 1 2 , in an attempt to fill in a certain gap in the Deligne's exceptional series [47] .
As illustrated in Figure 10 , the extremal spectrum contains scalar primaries of conformal dimension ∆ j=0 = { 8 5 + 2n, 2 + 2n} and spin-one primaries of conformal dimension ∆ j=1 = { 13 5 + 2n, 3 + 2n}(n ∈ Z ≥0 ). As summarized in Table 8 , they have positive integer maximal degeneracies.
It turns out that the modular invariant partition function of the a CFT that contains primaries in Table 8 can be simply expressed as, Z c= 38 5 (τ,τ ) = f c= 38 5 vac (τ )f (τ ) in (4.19) can be understood as the characters of ( E 7 Table 9 : The maximum value of degeneracies for low-lying states in a putative CFT with c = 16. Here the maximum number of derivative is set to N max = 55, while the spin was truncated at j max = 40.
The extremal spectrum of a putative CFT with (c = 16, ∆ t = 2) and their maximal degeneracies are presented in Figure 11 and Table 9 , respectively. The partition #5 It was shown in [33] that some of its fusion rules becomes negative. One can circumvent the puzzle by interchanging the two characters in (4.19). The new theory then becomes a non-unitary CFT with c = −58/5 which has 57-fold vacua and primaries of negative dimension. Thus, the c = −58/5 theory cannot be understood as a standard CFT. function read off from Table 9 . It can be written in a simple form 
c ≥ 8 RCFTs without Kac-Moody symmetry
In the previous subsection, we uncovered that the WZW models with level one for Deligne's exceptional series maximize the degeneracies of the extremal spectrum at ten among sixteen special points on the numerical bound of ∆ t , as depicted in Figure  6 . It is known that the characters of such WZW models are the solutions to (2.7).
In this subsection, we will show that the degeneracies of every extremal spectrum of certain RCFTs saturate their upper bound at the remaining 3 + 3 points. It turns out that such RCFTs have characters that agree with the solutions to (2.8), and have no Kac-Moody symmetry but finite group symmetry of very large order. Such finite groups include the Monster and the Baby Monster groups.
• c = 24 Monster CFT Let us search for a hypothetical CFT with c = 24 and ∆ t = 4 that contains the extremal spectrum, illustrated in Figure 12 , with the maximal degeneracies. From Table 10 , we find its partition function can be written as (4, 4) 709990476262174276.00 Table 10 : The maximum value of degeneracies for low-lying states in a putative CFT with c = 24. The maximum number of derivatives is set to N max = 55, while the spin was truncated at j max = 40.
Therefore we identify the putative CFT of our interest as the Monster CFT of [30, 37] .
• "c = 32 Extremal CFT" The extremal spectrum with c = 32 and ∆ t = 4 have scalar primaries of ∆ j=0 = {4+2n} and spin-one primaries of ∆ j=1 = {5+2n} for n ∈ Z ≥0 , as depicted in Figure  13 . The upper bounds on degeneracies of the extremal spectrum are summarized in Table 11 . One can easily see that the partition function of the c = 32 extremal CFT given below,
is consistent with the maximal degeneracies as in Table 11 .
As discussed in [35] , the vertex operator algebra giving the above partition function can be constructed as a Z 2 orbifold of free bosons on an extremal self-dual lattice of (h,h) The maximum value of degeneracies for low-lying states in putative CFT with c = 32. The maximum number of derivatives is set to N max = 55, while the spin is truncated at j max = 40.
rank 32. However, the classification and the automorphism group of these lattices have been poorly understood.
• c = 8 RCFT without Kac-Moody symmetry : Note first that the CFT of our interest does not contain spin-one currents at all. Applying the EFM, we investigate the spin-0 and spin-1 extremal spectrum of a CFT with (c = 8, ∆ t =1). Their conformal dimensions can be read from Figure 14 , ∆ j=0 = {1 + n} and ∆ j=1 = {2 + n} for n ∈ Z ≥0 . We also analyze the maximal degeneracies of the extremal spectrum, summarized in Table 12 . These results suggest that the partition function of a putative CFT with (c = 8, ∆ t = 1) but no
) 496.0000000 (1, 1) 33728.00000 (2, 0) 155.000000
) 17360.00000 (2, 1) 505920.0000 (3, 0) 868.000000
) 607600.0009 (2, 2) 7612825.000 (4, 0) 5610.00000 Table 12 : The maximum value of degeneracies for low-lying states in putative CFT with c = 8, without the spin-1 conserved current. The maximum number of derivatives is set to N max = 55, while the spin is truncated at j max = 40.
Kac-Moody symmetry admits the character decomposition as
Using the solutions to (2.8) with c = 8, it is straightforward to check that (4.24) can be recast into the following form,
It is discussed in [35] that the automorphism group of the chiral CFT (more precisely, vertex operator algebra) having the vacuum character f • c = 16 RCFT without Kac-Moody symmetry :
Let us search for a hypothetical CFT with (c = 16, ∆ t = 2) that does not have the Kac-Moody symmetry. The extremal spectrum of such a CFT and their upper bound of degeneracies are illustrated in Figure 15 and Table 13 . These results imply that the partition function of the CFT of our interest can be expanded as ) 1011288637613.8107313 Table 15 : This table summarizes the maximal degeneracies of the first few states in a gapped c = 47/2 CFT. The maximum number of derivatives is set to N max = 65, δ = 10, while the spin is truncated at j max = 40.
In [36] , the three solutions to (2.8) with c = We observe in Figure 6 that the numerical bound at c = Table 14 . It appears that the upper bound is indeed converging to 4371 2 = 19105641 as is predicted from the character. However, the convergence of bound is not fast enough as the order of derivative N max is increased.
To circumvent the above numerical difficulty, we employ an alternative strategy of adding low-lying discrete spectrum in the semi-definite programming (4.8)-(4.10) by hand. More precisely, let us assume that the partition function of the Baby Monster CFT #7 can be expressed as
(4.31)
Now, we add a discrete set of primaries having the conformal weights as below to the SDP problem: 32) for 0 ≤ j ≤ j max and an arbitrary positive integer δ. For instance, the SDP problem with δ = 10 results in the maximal degeneracies of the extremal spectrum summarized in Table 15 . It is easy to show that the partition function (4.31) saturates these upper bounds. We thus expect that the putative CFT of our interest has the Baby Monster symmetry.
Bootstrapping with W-algebra
The two-dimensional CFTs with W(A 2 ) = W(2, 3) symmetry have been studied recently in [23, 24] . To investigate the universal constraints on the spectrum of higher-#6 As shown in Table 14 , the upper bound on ∆ t at c =
47
2 is approaching to 3 as we increase the total number of derivatives N max . #7 The characters of the Baby Monster modules χ VB (0,1,2) are given by spin "irrational" CFTs, i.e., c > 2, the authors of [23, 24] On the other hand, we will focus on the torus partition function 
where the characters are given by (assuming the non-vacuum module is non-degenerate)
In this section, we examine how the modular invariance for the theories with various W-symmetries constrains the spectrum.
Numerical Bounds
In this subsection, we examine modular constraints on the scalar gap ∆ s , overall gap ∆ o and twist gap ∆ t for CFTs with W-symmetry. To this end, we use the W-algebra characters given in (2.35) and (2.36) to decompose the modular invariant partition function (3.2).
It turns out that the numerical upper bounds with
-algebra exhibit the same bounds as in the case for the Virasoro algebra except for the region c r. For instance, we summarize the numerical results with the W(F 4 ) = W(2, 6, 8, 12)-algebra in Figure 16 . Unlike the case of the Virasoro symmetry, the numerical bounds sharply rise near c ∼ 4. As is depicted in Figure 17 , the sharp cliff is pushed towards c = 4 as we increase the total number of derivatives N max . We further investigate how the position of the sharp cliff depends on the rank of the W-algebra. As shown in Figure 18 , these values are placed near the rank of the corresponding W-algebras. Based on these observations, we can legitimize the assumption in (2.35) and (2.36) that the ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▼ ▼▼▼▼▼▼▼▼▼▼▼ We also find that the g k=1 WZW model can be placed at the numerical upper bound on ∆ t for the W(g)-algebra. To illustrate this, let us consider the numerical bounds for the W(A 2 ) = W(2, 3) and W(G 2 ) = W(2, 6). Figure 19 shows that the ( A 2 ) 1 WZW model indeed sits at the numerical bound for the W(2, 3)-algebra as expected. However, we notice that the model violates the modular constraint for the W(2, 6)-algebra. This is because when we decompose the partition function of the ( A 2 ) 1 WZW model (2.17)(with h = ) on the numerical upper bound. Later we verify that the spectrum of ( A 3 ) 1 WZW model maximizes the degeneracies of the extremal spectrum for c = 3 and ∆ t = 3 4 . It is interesting to see that the ( A 3 ) 1 WZW model is realized at the numerical boundary only using the W(2, 3, 4)-algebra, but not using the other W-algebras (including Virasoro). Note that A 3 does not belong to the Deligne's exceptional series. •
▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ Figure 18 : Numerical bounds on twist gap with various W-algebra. We assume the presence of the conserved currents of j ≥ 1 in the spectrum. 
Spectral Analysis
• Spectrum Analysis for the ( F 4 ) 1 WZW Let us show that the g k=1 WZW model saturates the upper bound not only on ∆ t but also on the degeneracies of the extremal spectrum for the W(g)-algebra. As an with the partition function of the ( F 4 ) 1 WZW model (4.13).
• Spectrum Analysis for the ( A 3 ) 1 WZW (5.6) is nothing but the partition function of the ( A 3 ) 1 WZW model. We thus identify a putative CFT of our interest with c = 3 as the ( A 3 ) 1 WZW model. Figure 23 shows the plots of the maximal degeneracy versus the conformal dimension of the lowest primary in a theory with W(d 1 , d 2 , · · · , d r ) symmetry at various central charges. We notice that there is no upper bound on the degeneracy as the conformal dimension ∆ t approaches to c−r 12
Accumulation of the Spectrum
. We also observe that the location at which the degeneracy diverge is independent of the presence of holomorphic/anti-holomorphic currents other than W-symmetry. The divergence can be explained from the fact that infinitely many primaries get accumulated at h = c−r 24 [14, 23] . For the selfcontainment, we briefly present the derivation of [14, 23] below.
In order to understand the origin of the divergence, it is sufficient to consider the theories without conserved currents. In the limitτ → i∞, the vacuum character of W-algebra dominates the partition function: (c−r)/24 → 0 for c > r. If the limit and the summation in the RHS of (5.10) were to commute, we would therefore say that the RHS of (5.10) vanish, which is inconsistent with the LHS of (5.10). One can resolve the above contradiction only when there exist infinitely many primaries of weight h accumulating to 
